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Hexagonally patterned two-dimensional p-type semiconductor systems are quantum simulators
of graphene with strong and highly tunable spin-orbit interactions. We show that application of
purely in-plane magnetic fields, in combination with the crystallographic anisotropy present in low-
symmetry semiconductor interfaces, allows Chern insulating phases to emerge from an originally
topologically insulating state after a quantum phase transition. These phases are characterized
by pairs of co-propagating edge modes and Hall conductivities σxy = +
2e2
h
,− 2e2
h
in the absence
of Landau levels or cyclotron motion. With current lithographic technology, the Chern insulating
transitions are predicted to occur in GaAs heterostructures at magnetic fields of ∼ 5T.
PACS numbers: 73.21.Cd,73.21.Fg,73.43.Nq
The versatility of the spin-orbit interaction in semicon-
ductor heterostructures has made them the subject of nu-
merous recent theoretical proposals to access novel states
of matter1–8. These theoretical efforts are supported by
recent observations of the Quantum Spin Hall Insulator
phase (first predicted to exist in graphene9) in HgTe10
and InAs11 quantum wells, proving them to be promising
candidates for the realization of topologically protected
room-temperature spin transport. While spin-polarized
edge transport associated with the topological insulator
phase in InAs quantum wells has been the subject of
several investigations following its initial discovery12–14,
measurement of lateral spin accumulation, a fundamen-
tal signature of the Quantum Spin Hall phase,9 remains
an open challenge, since measurement of the spin polar-
ization of edge states requires coupling to an external
magnetic field (e.g. coupling to ferromagnetic leads15),
which destroys the topological protection of the edge
states10 regardless of the material qualities of the sys-
tem. The difficulty of directly probing the spin structure
of the edge modes has stimulated several works studying
the behaviour of Quantum Spin Hall edge states when
time-reversal symmetry is broken by an external mag-
netic field16,17.
The possibility of driving quantum phase transitions
via application of an in-plane magnetic field or mag-
netic doping has been explored in both two-dimensional
(2D)16,17 and three-dimensional18–20 topological insula-
tors. 2D systems in topological phases with broken time-
reversal symmetry are Chern insulators, which possess
nonzero Chern numbers21 (the integral of the Berry cur-
vature over the Brillouin Zone). The bulk topology is
manifested at the boundary of the system in the form
of one-dimensional modes which move along only one di-
rection at each edge and are protected from backscatter-
ing, with the Chern number counting the number of edge
modes22. The properties of the Chern insulating phase
do not depend on time-reversal symmetry and are there-
fore robust to magnetic disorder, and can be probed by
charge transport measurements (e.g. in a four-terminal
geometry typically used for measurement of the quantum
Hall effect). This state of matter was first proposed in
a hexagonal tight-binding model by Haldane21. Despite,
however, decades of theoretical proposals for its realiza-
tion in honeycomb materials23–28, magnetically doped
topological insulator thin films18–20, 2D semiconductor
systems16,17,29 and optical lattices30, it was only recently
observed in a magnetically doped BiTe thin film31. In
this work we demonstrate that the Chern insulating state
is experimentally accessible in hexagonally patterned p-
type semiconductor heterostructures, which are quantum
simulators of graphene with potentially strong and tun-
able spin-orbit interactions32. In absence of a magnetic
field, the system is in a topologically insulating state33.
The Chern insulating state is created by application of
an in-plane magnetic field, which is used to break time-
reversal symmetry and drive the system through a topo-
logical phase transition.
The system we consider is a hexagonally patterned 2D
p-type semiconductor heterostructure grown along the
(311) interface, described by the Hamiltonian
H = HLutt. + U(x, y)− 2κµBB · S , (1)
where U(x, y) is the hexagonal superlattice potential,
−2κµBB · S is the Zeeman coupling due to an in-plane
magnetic field B = (Bx, By, 0), S are the spin-
3
2 opera-
tors acting on the p 3
2
type valence band states, and HLutt.
is obtained from the 3D Luttinger Hamiltonian for the va-
lence band of bulk zincblende semiconductors34 via 2D
confinement in an infinite square well in the z-direction,
HLutt. = −γ2〈k
2
z〉S2z
me
+ (γ1 + γ2(S
2
z −
5
4
))
k2x + k
2
y
2me
− γ2
me
(
k2+S
2
− + k
2
−S
2
+
4
+ δ〈k2z〉{Sy, Sz}) . (2)
We have taken the projection onto the lowest transverse
level via the substitutions kz → 〈kz〉 = 0, k2z → 〈k2z〉 = pi
2
d2
where d is the width of the quantum well, and choose
coordinates x ‖ (01¯1), y ‖ (2¯33), z ‖ (311), with k± =
kx± iky, etc. Here γ1, γ2 are the Luttinger parameters35,
and δ is a parameter characterizing the cubic anisotropy
which is present for p-type systems only when the het-
erostructure is grown along a low-symmetry direction, for
a (311) GaAs quantum well36 δ ≈ 0.1.
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FIG. 1. Edge modes (solid lines) along a hard-wall boundary along the x-direction, calculated for parameters: (a) β = 0.2η, γ =
0.2η, (b) β = 0.5η, γ = 0.5η, (c) β =
√
2η, γ = η
2
, (d) β = 2η, γ = 0.5η. Edge modes consisting of Bloch wavefunctions at the K
(K′) valley are indicated in red (blue). The dashed lines show the bulk states for various values of qy. Panels (a),(b) correspond
to the insulating state with Chern number N = 0, β2 + ηγ < η2, (c) corresponds to a critical gapless state β =
√
η2 − ηγ,
and (d) corresponds to the Chern insulating state, β2 + ηγ > η2. The axes correspond to units in which η = 1, v = 1 (so the
vertical axis shows E(qx)
η
and the horizontal axis shows vqx
η
). The scale of both axes is the same in (a) and (b).
A hexagonal potential of the form
U(x, y) = 2W (cosG1 · r + cosG2 · r + cosG3 · r) ,
(3)
with reciprocal lattice vectors G1 =
4pi√
3a
yˆ, G2 =
4pi√
3a
(
√
3
2 xˆ+
1
2 yˆ), G3 =
4pi√
3a
(−
√
3
2 xˆ+
1
2 yˆ), creates mini-
bands with a hexagonal Brillouin Zone. At B = 0 the
3dispersion is graphene-like, with Dirac points occurring
at the K and K ′ points at the corners of the Brillouin
Zone37. At hole density corresponding to filling of two
holes per unit cell, the Fermi energy coincides with the
lowest Dirac point, which is p = 1.4×1011cm−2 for super-
lattice spacing a = 40nm. The momentum correspond-
ing to the Dirac point is k‖ = K = 4pi3a , so that for a
typical well width d = 20nm the ratio
k2‖
〈k2z〉 ≈ 0.44 and
the dominant spin-dependent interaction is proportional
to −〈k2z〉S2z and forms quantum states |Sz = ± 32 〉 and
|Sz = ± 12 〉, and the energy splitting between them is
∆ 3
2− 12 =
2γ2〈k2z〉
me
. The |± 32 〉 and |± 12 〉 states have differ-
ent effective masses, we consider only the | ± 32 〉 states,
which are lowest in energy, and have mass m = meγ1+γ2 .
The terms containing k2+S
2
−, k
2
−S
2
+ provide a momentum-
dependent coupling between the | ± 32 〉 and | ± 12 〉 states,
and therefore generate the Berry curvature which is nec-
essary to observe non-trivial topological states.
We will describe physics near the K and K ′ points
using a low-energy effective Hamiltonian which acts on
a pair of coordinate wavefunctions33 |a〉, |b〉 and the spin
states | ± 32 〉, which we take to be effectively a spin- 12
doublet, | 32 〉 = | ↑〉, | − 32 〉 = | ↓〉, and use the spin- 12
operators s so that sz| ↑〉 = 12 | ↑〉, sz| ↓〉 = − 12 | ↓〉, and
the Pauli matrices σ with σz|a〉 = |a〉, σz|b〉 = −|b〉. We
choose the basis of coordinate wavefunctions38
|a〉 = 1√
3
(eiτzK1·r + e−
2pii
3 eiτzK2·r + e
2pii
3 eiτzK3·r) ,
|b〉 = 1√
3
(eiτzK1·r + e
2pii
3 eiτzK2·r + e−
2pii
3 eiτzK3·r) (4)
where τz = +1 for the K valley and −1 for the K ′ valley,
K1 = Kxˆ, K2 = −K2 xˆ+
√
3K
2 yˆ, K3 = −K2 xˆ−
√
3K
2 yˆ
are the equivalent momenta corresponding to the K
point. The effective Hamiltonian near the Dirac points
is given by
H = vτzq · σ − 2ησzsz − β−σ+s+ − β+σ−s− − 2γsz ,
(5)
where the Kane-Mele9 term −2ησzsz arises from the
spin-orbit terms k2+S
2
−+h.c. in (1) and leads to a Quan-
tum Spin Hall Insulating state at zero magnetic field33,
and β+, β− are proportional to the applied in-plane mag-
netic field. The parameters η, β, γ are given in second
order perturbation theory by
v =
3a
4pim
, η =
8W
9
(
d
a
)4 ,
β± =
4κµBB±
3
(
d
a
)2 , γ = 3κδµBBy . (6)
These parameters may be renormalized by higher orders
of perturbation theory, although accurate band structure
calculations show that they are good approximations for
the lowest Dirac point.
Noting that the hexagonal potential satisfies U(x, y) =
U(−x,−y), the system obeys both time-reversal and in-
version symmetry at zero magnetic field, and each band
is exactly doubly degenerate, with the band extremum
states being simultaneous eigenstates of spin and pseuod-
spin, |σz, s〉. Time reversal symmetry is broken in the
magnetic field, leading to a splitting of the originally de-
generate bands. At sufficiently large magnetic fields, a
topological phase transition is possible if the bulk gap is
closed. We may understand the distinct phases of the sys-
tem treating βx, βy, γ as independent parameters. There
are four bands, En(q), which at q = 0 correspond to the
states and energies
ψ1 = cos
ζ
2
|a〉| ↑〉+ sin ζ
2
|b〉| ↓〉 ,
E1(q = 0) = −η −
√
γ2 + 4β2 , tan ζ =
2β
γ
ψ2 = − sin ζ
2
|a〉| ↑〉+ sin ζ
2
|b〉| ↓〉 ,
E2(q = 0) = −η +
√
γ2 + 4β2 ,
ψ3 = |b〉| ↑〉 , E3(q = 0) = η − γ
ψ4 = |a〉| ↓〉 , E4(q = 0) = η + γ , (7)
where β =
√
β2x + β
2
y .
For small values of β, γ, we have E2(0) < E3(0). At
a critical set of parameters β2 + η|γ| − η2 = 0, we have
E2(0) = E3(0) and the system is gapless. This gapless
phase forms a boundary between two distinct insulating
phases characterized by different edge properties. The
evolution of edge modes in the parameter space (β, γ) is
illustrated in Fig. 1 (the dispersion of edge modes as a
function of the momentum qx along the edge is shown in
solid lines, while the bulk dispersion is shown in dashed
lines as a function of qx for fixed values of qy). For sub-
critical magnetic fields, β2+η|γ| < η2, the system is char-
acterized by counterpropagating edge modes in the insu-
lating gap and absence of local current at each edge (Fig.
1a, 1b). These counterpropagating modes are inherited
from the topological insulating state33 at β = γ = 0, but
are not protected from backscattering from nonmagnetic
disorder39. In this phase the Chern number is N = 0.
For parameters close to the critical state (Fig. 1b), the
edge mode at the K ′ valley terminates at the edge of
the E2 band (i.e. at the lower edge of the gap), while the
edge mode at the K valley is split into two branches, with
the left branch lying above the top of the E3 band (i.e.
above the gap), while the right branch extends through
the gap, terminating slightly above the edge of the left
mode. These three branches survive both in the gap-
less critical state (Fig. 1c) and in the Chern insulating
state (Fig. 1d). The edge modes at energy slightly above
the band-meeting point in the gapless state are shown
above the plots in Fig. 1c, with two clockwise propagat-
ing modes at the K valley and a single counterclockwise
propagating mode at the K ′ valley.
The Chern insulating state (Fig. 1d) results from the
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FIG. 2. The phase diagram in the parameter space (γ, β),
showing three topologically distinct insulating phases char-
acterized by Chern numbers N = +2,−2, 0. The red line
indicates gapless phases at the boundary between insulating
phases.
inversion of the E2 and E3 bands, generating a non-trivial
bulk topology. In this state both clockwise moving modes
at the K valley extend throughout the gap, while the
originally counterclockwise moving mode at the K ′ val-
ley dips below the bulk dispersion of the E4 band, leading
to two counterpropagating modes which exist only at en-
ergies close to the top of the insulating gap, disappearing
at lower energies. The counterpropagating modes at the
K ′ valley are not shown in the figure above the plots in
Fig. 1d. Thus there exists a pair of edge states in the
gap which propagate clockwise around the boundary of
the system without interruption and carry nonvanishing
local current at each edge.
The qualitative change in the behaviour of edge states
indicates a topological phase transition from a state with
N = 0 (Fig. 1a) to a Chern insulator (Fig. 1b). For
γ > 0 (the case shown in Fig. 1b), current flows clock-
wise around the sample, while the direction is reversed
(anticlockwise) for γ < 0. A pair of co-propagating
modes in the insulating gap corresponds a non-trivial
Chern number N = 2 for clockwise propagation and
N = −2 for counterclockwise propagation. The phase
diagram of the system in the parameter space γη ,
β
η is
shown in Fig. 2. The N = 0 phase occurs for param-
eters β2 + ηγ < η2, and Chern insulating phases with
N = +2 (−2) exist for β2 + ηγ > η2 and γ > 0 (< 0).
Gapless phases exist along the boundaries, γ = 0, β > η
and γ = η
2−β2
η , β < η, corresponding to topological
semimetallic phases whose properties we will explore in
future studies. Unlike many previous proposals for the
realization of a Chern insulator18–20,23,29 our system is
fully symmetric under spatial inversion r → −r, with
the chirality of edge states is determined by the sign of
γ, which in the original model (1) is ∝ By.
In order to realize the Chern insulating phases, we need
to have either β & η or γ & η. The size of the gap in the
Chern insulating phase is ∆ ≈ γ = 3κδµBBy = 0.12meV
at By = 5T in GaAs. Due to the small size of the
gap, it is necessary to account for the effects of disor-
der in the system. In ultrahigh mobility GaAs hole sys-
tems, the mean free path can be l ≈ 3µm in the un-
patterned device40, corresponding to an inverse carrier
lifetime τ−1 = 12µeV. For an artificial lattice created
by perforated gates, the most significant disorder in the
system is therefore random fluctuations in the poten-
tial U(x, y) (3) due to imperfections of the gates. To
obtain well separated bands we require W to be the
same order as the kinetic energy at the K,K ′ points,
W ∼ E0 = 8pi29ma2 where m ≈ 0.2me is the 2D hole mass
in GaAs. For a superlattice of spacing a = 40nm  l
and d = 20nm, with W = 0.5E0 = 1.0meV, the gap in
the topological insulating phase is 2η = 0.10meV, and
the Chern insulating transition for Bx = 0 occurs at
By = 1.4T. In order to observe a gap of ∆ ≈ 0.1meV
with these parameters, it is necessary to suppress fluctu-
ations in the potential below 10% of the average value.
The existence of chiral edge modes is deeply connected
to the topology of the 2D Bloch states and to the trans-
verse conductivity σxy
41. Let us suppose that an elec-
tric field is applied along the y-direction, correspond-
ing to a positive voltage difference eVy, which changes
the chemical potential of right and left movers along the
edges of the system. For N > 0 (clockwise propaga-
tion), this leads to a current Jx > 0 due to the excess of
right-moving holes along the top edge. The conductiv-
ity is given by σxy =
e2N
h where N is the Chern num-
ber, and is exactly quantized (at zero temperature and in
the absence of inelastic scattering) due to the absence of
backscattering for chiral 1D modes. The Kubo formula
applied to the transverse conductivity can be expressed
in terms of the Berry curvature of filled bands42,
σxy =
e2
h
∑
n,En<µ
1
2pi
∫
Fn,xy(k)dkxdky , (8)
which implies the relation between the number and di-
rection of edge states and the topology of bulk states,
N = 12pi
∑
n
∫
Fn,xy(k)dkxdky. The bulk-boundary cor-
respondence, which relates the exact quantization of elec-
tronic transport coefficients and the existence of robust
edge states has been rigorously extended to topological
systems in arbitrary dimensions with local symmetries22.
In order to illustrate this correspondence, we have calcu-
lated the Berry curvature Fn,xy from numerical solution
of the nearly-free-electron model with the Hamiltonian
(1). Maps of the Berry curvature summed over the lowest
two bands are shown in Fig. 3a,b for Bx = 0, By = 0.5T
(the N = 0 phase) and Bx = 0, By = 8T (the N = 2
Chern insulating phase). The dispersion is shown in pan-
els c,d of the same figure underneath the panels corre-
sponding to the same parameters and along the paths in-
dicated by the arrows in Fig. 3c,d. The extreme values of
the Berry curvature for the two values of By differ signif-
icantly, so we have chosen different color schemes for the
two plots. For By = 0.5T, integration of the Berry cur-
vature over the Brillouin Zone gives
∫
Fxydkxdky = −2pi
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FIG. 3. (a),(b): Maps of the Berry curvature summed over the lowest two bands, calculated via numerical solution of the
free-electron model with Hamiltonian (1), for the (a) the N = 0 phase, with Bx = 0T, By = 0.5T and (b) the N = 2 Chern
insulating phase, with Bx = 0T, By = 8T. The parameters of the system are a = 40nm, d = 20nm,W = 1meV. The Berry
curvature is shown in units where K = 4pi
3a
= 1. (c), (d): The dispersion relation for the lowest eight bands for the same
parameters as the figures above, calculated along the directions indicated by the red line and arrows shown in Panels a, b. The
chemical potential is indicated by the dashed line.
and +2pi for the lowest and second lowest bands respec-
tively. The orange regions correspond to areas in the
Brillouin Zone for which the Berry curvature is close to
zero, and red and blue spots correspond to the maxima
and minima of the Berry curvature respectively. In the
Chern insulating state (By = 8T), the Berry curvature
integrated over the lowest band is −2pi, but in the sec-
ond lowest band is equal to +6pi, which is consistent with
Chern number N = 2 as calculated explicitly from the
edge dispersion. The region in which the total Berry
curvature is close to zero is shown in blue, while the
red spots indicate points in the Brillouin Zone in which
Berry curvature is peaked. This occurs at anticrossings
in the dispersion in which the splitting between bands is
small and the wavefunction is quickly varying (see Fig.
4d). Upon switching the sign of the magnetic field to
By = −8T, the dispersion (Fig. 3d) remains the same,
but the Berry curvature in the lowest and second low-
est bands are +2pi and −6pi respectively, consistent with
Chern number N = −2. These numerical results demon-
strate the bulk-boundary correspondence for topological
systems22.
Our results illustrate the versatility of hexagonally
patterned 2D hole systems due to the highly tunable
spin-orbit interaction. We have calculated the topolog-
ical phase diagram of the system in the presence of an
in-plane magnetic field and cubic anisotropy, and dis-
cussed the properties of the non-trivial insulating phases.
The magnetic field drives transitions between insulating
phases classified by different Chern numbers N = 0 at
6low magnetic fields and N = +2,−2 at high magnetic
fields. The Chern insulating phases are characterized by
co-propagating clockwise (N = 2) or anticlockwise (N =
−2) edge modes, Hall conductivities σxy = + 2e2h ,− 2e
2
h
without a perpendicular magnetic field, with the direc-
tion edge currents controlled by the orientation of the in-
plane field. The presence of topological phases which can
currently be experimentally realized in hexagonally pat-
terned p-type semiconductor heterostructures in both the
presence and absence of time-reversal symmetry suggests
the exciting possibilities of further expanding the topo-
logical phase diagram in the interacting scenario, e.g. to
realize fractional topological insulating43 or topologically
superconducting phases6.
Appendix A: Calculation of edge states for a
hard-wall potential
The edge states shown in Fig. 1 were evaluated for
a hard-wall potential along the x-direction, V (y > 0) =
0 , V (y < 0) =∞. The momentum along the edge qx is
a good quantum number, and the wavefunction has the
form
ψ = C+e
iqxx−κ+yψ+ + C−eiqxx−κ−yψ− (A1)
where κ+, κ− are generally complex, with the wavefunc-
tion being exponentially localized at the edge when the
hard-wall condition ψ(x, y = 0) is satisfied and the en-
ergy lies in a range where Reκ± > 0. The states ψ± are
eigenvectors of the Hamiltonian (6) with energy E and
complex qy = iκ± satisfying
κ± =
(v2q2x − E2 − γ2 − η2 ± 2i
√
−γ2E2 − b2((E − η)2 − γ2)) 12 .
(A2)
Taking into account the real-space structure of the basis
states (5), the boundary condition implies that
(〈a, sz|ψ+〉+ 〈b, sz|ψ+〉)C+ + (〈a, sz|ψ−〉+ 〈b, sz|ψ−〉)C−
= 0 (A3)
for sz = ± 12 . Solutions C+, C− exist when
f(qx, E) = τzγE(E − η + vτzqx)(κ+ − κ−)+
i
√
−γ2E2 − β2((E − η)2 − γ2)×
((E − η + vτzqx)(E − η + vτzqx)
−κ+κ− + τzγ(κ+ + κ−)− γ2) = 0 . (A4)
Regarding κ± as a function of qx, E, the equation
f(qx, E) = 0 provides the implicit dispersion relation of
the one-dimensional edge states. There are two solutions
for τz = +1 which close the gap and propagate to the left,
dE
dqx
< 0, in addition to a pair of solutions for τz = −1
corresponding to counter-propagating modes which dis-
appear when the energy becomes sufficiently close to the
lower (E3(q)) band. The energy can be chosen to inter-
sect only the co-propagating modes.
The edge states in Fig. 1 correspond to modes which
propagate along the bottom edge of the sample. We may
calculate the edge states for the top edge in the same
way, taking the edge potential V (y < Ly = 0), V (y >
Ly) = ∞ where Ly =
√
3na
2 , n = 1, 2, . . . . In order
for these states to be exponentially localized, we re-
quire qy = −iκ± with Reκ± > 0. This implies that
the condition for the existence of edge states on the
top edge is identical to Eq. (A4) after substitution
κ± → −κ±. Equivalently, we may perform a substi-
tution qx → −qx, τz → −τz to obtain the dispersion of
edge states along the top of the system. This implies
that the 1D modes at the top of the system will exist at
opposite valleys and propagate in the opposite direction
to the modes along the bottom of the system. The modes
along the left and right edges, corresponding to hard-wall
potentials VL(x < 0) = +∞, VL(x > 0) = 0 and VR(x >
Lx) = +∞, VR(x < Lx) = 0 with Lx = na2 , n = 1, 2, . . . ,
may be calculated in a similar fashion using the bound-
ary conditions ψ(x = 0) = ψ(x = Lx) = 0. The edge
states have identical structure to those along the top and
bottom, with the left mode propagating along the +y
direction and the right mode propagating along the −y
direction.
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